Annals of Mathematics, 157 (2003), 521-544 



Classification of simple C*-algebras and 
higher dimensional noncommutative tori 

By HuAxiN Lin* 



Abstract 

We show that unital simple C*-algebras with tracial topological rank zero 
which are locally approximated by subhomogeneous C*-algebras can be classi- 
fied by their ordered K-theoiy. We apply this classification result to show that 
certain simple crossed products are isomorphic if they have the same ordered 
-fC-theory. In particular, irrational higher dimensional noncommutative tori of 
the form C(T'=) x^Z are in fact inductive limits of circle algebras. 

Introduction 

In recent years there has been rapid progress in classification of nuclear 
simple C*-algebras. In the case that C*-algebras are of real rank zero and fi- 
nite, Elliott and Gong ([EG]) have proved that simple inductive limits of finite 
direct sums of homogeneous C*-algebras (AH for brevity) of slow dimension 
growth with real rank zero can be completely classified up to isomorphism by 
their scaled ordered if -theory (with the reduction of dimension growth proved 
by [G2] and [D]). In their remarkable paper ([EG]), they also showed that 
the class of AH-algebras that they classified exhausts all possible invariants. 
So any general classification theorem for simple C*-algebras of real rank zero 
and stable rank one with weakly unperforated Kq will not expand their class. 
However, many interesting simple C*-algebras, which are important in applica- 
tions, do not arise as inductive limits of finite direct sums of homogeneous C*- 
algebras. Therefore, it is extremely important to have a classification theorem 
which covers C*-algebras that are not assumed to be AH-algebras. The main 
purpose of this paper is to establish such a theorem. Our general classification 
result covers at least some of the well-known interesting simple C*-algebras 
that are not known to be AH-algebras. 
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For example, certain simple C*-algebras arising as dynamical systems with 
minimal difFeomorphisms can be classified by their ordered X-theory. More 
specifically, let Xj (i = 1,2) be a smooth manifold (Xi and X2 may be the 
same) and cjj : Xj ^ Xj be a minimal diffeomorphism. Suppose that (Xj,cjj) 
(i = 1, 2) is uniquely ergodic. Then the resulting crossed products C{Xi) x^^ ^ 
are simple C*-algebras with unique traces and are isomorphic if they have the 
same scaled ordered if-theory (which is determined by cjj only). A consequence 
of this is that the noncommutative tori of the form C{T^) Xg Z, where 6 is an 
irrational rotation, are isomorphic to unital simple inductive limits of circle 
algebras. This also generalizes an important result of Elliott and Evans that 
every irrational rotation algebra is an inductive limit of circle algebras ([EE]). 

To classify a class of C*-algcbras, one often needs to establish a so-called 
uniqueness theorem and an existence theorem. Uniqueness is used to describe 
two maps from one C*-algebra to another as approximately equivalent in an 
appropriate sense if they carry the same iiT-theory (or KK-theoiy) data. Ex- 
istence is often involved in showing that given if-theory data (or KK-daXa) 
a, there is a map (f> from one (7*-algebra to another which carries a. 

In [Ln2], [Ln3] and [Ln4], we show that a uniqueness theorem holds for 
all nuclear C*-algebras with a reasonable and mild restriction which, together 
with a "half existence theorem (see also [DE]), gives a number of classification 
results which do not require that C*-algebras considered to be AH-algcbras. 
The " half existence theorem wc mentioned above docs give us a map which 
carries most of the required KK-data but not all. The missing part is the 
order information from the required KK-data. 

Suppose that ^ is a unital simple C*-algebra with TR(^) = (see 3.5). 
Then, in [Ln3], we show that A is always an inductive limit of An, where 
each An is a residually finite-dimensional C*-algebra. If pA„ '■ -f^o(^n) ~^ 
AS{T{An)) is the homomorphism given by the traces of An, and every finitely 
generated subgroup of pA„ can be order-embedded into Z*^ for some integer 
k, then the needed existence theorem holds. This certainly appears to be a 
very technical condition. However every AH-algebra obviously satisfies this 
condition. We show that if A is an inductive limit of subhomogeneous C*- 
algebras, then this condition is also satisfied. In fact, a much broader class 
of C*-algebras satisfies this condition. Combining this with our other recent 
results, we are able to prove that simple C*-algebras with TR(A) = can be 
classified up to isomorphism by their scaled ordered i^T-theory provided that 
they are locally approximated by subhomogeneous C*-subalgebras. The recent 
results of Q. Lin and N. C. Phillips show that every simple C*-algebra arising 
from a dynamical system of minimal difFeomorphisms is in fact an inductive 
limit of subhomogeneous C*-algebras. Therefore, the general classification 
result mentioned above can be applied to those simple C*-algebras when they 
have real rank zero. 
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The paper is organized as follows. In Section 1, we revisit AH-algebras. 
A few refinements of known results will be presented. These refinements are 
needed for construction of some maps that possess certain required i^i^-data. 
In Section 2, we present results which enable us to extend some positive homo- 
morphisms from ordered subgroups of ll" to some other ordered groups which 
are not assumed to be divisible. In Section 3, we use results from Sections 1 
and 2 together with the "half existence theorem in [Ln4] (see also [DE]) to 
prove a full existence theorem. We then combine our recent results to estab- 
lish the main classification theorem (3.9). A few examples of applications are 
presented at the end of the paper. 

Acknowledgements. We would like to acknowledge that we have benefited 
from conversations with N. C. Phillips and Guihua Gong. 



1. AH-algebras revisited 

The main purpose of this section is to prove Lemma 1.8. 

Lemma 1.1. Let G = lim„^(X)(G„, a„) he a countable unperforated simple 
ordered group with the Riesz interpolation property, where Gn = ®'=i-Dj-"'\ 

D^^^ = Z and an is an order homomorphism. Suppose that am,oo{D\^^) 7^ {0} 
for every i and m. 

Then for any < mi < m2, there is an integer N = N{mi,m2) > m2 
satisfying the following: if -Kk^otm^^NiGmi) / {0}, themTkoami,NiDj'-') / {0} 
for 1 < j < l{mi) and for all k < 1{N), where tt^ : Gjv — > is the standard 
projection. 

Proof. Let gi G D^^"^^ be the positive generator of D^^^^ {= Z), i = 
1, 2, ... , l{m2). Let Xi = am2,oo{9i)- Let Sj be the positive generators for D^^^^ 
and let fj = ami,ooisj), j = 1,2, . . . ,l{mi). From the assumption, fj ^ 0. 
Since G is simple, there arc positive integers kij such that kijfj > Xi for 
i = 1, 2, . . . , ^ (777-2). Therefore, there is = N{mi,m2) such that 

kijami,Nisj) > Oim2,N{gi), 

i = 1,2, . . . , l{m2). Fix k < liN), define vr^ : Gn — > to be the standard 

projection. If for some k, tt^ o a^^.Af (^i) > 0, then kijTTkO ami,N{si) > 0. Since 
{91,92, ■ ■ ■ ,9i{m2)} is a set of generators, we see that the conclusion holds. □ 

Let G be a countable unperforated simple ordered group and T be the 
state space of G. Let pa '■ G —> AST be the map defined by evaluation, i.e., 
PG{9){t) = tig) {9 eG and t eT). It is known that 

G+ = {g: p{g){t) > for ah teT}U {0}. 
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In the foUowing lemma, it is known that one can require that ot^ have 
multiplicity at least 2 or oH'^ = ([E112]). So the only thing new is that we can 
always assume for every j, d!"^ has multiplicity at least 2 (not zero) for some i. 

Lemma 1.2. Let G be a countable unperforated simple ordered group with 
the Riesz interpolation property. Suppose that kerp = 0. Then there are 
where Gn is a finite sum ofL with the usual order, and positive homomorphisms 
an '■ Gn Gn+i such that G = lim„^oo(G^; ct„). Furthermore, nonzero d^^ 
has multiplicity at least 2, and for each j, there is at least one d^ ^ 0, and for 
each i, there is at least one alf ^ 0, where alf : D^^^ — ^ D^^''^^^ is the partial 
map of a and D^^^ is the i^^ summand of Gm {d\"^^ = Z) . 

Proof. The first part of the lemma follows from [EHS] . It is the last part 
which needs a proof. We write G„ = ©™f"^-Dj^"\ where D^"^ = Z. Without 
loss of generality, we may assume that 

am,oo{Dt^) ^ {0} 

for all i and m. By [E112], we may also assume that a^i^ is either zero or has 
multiplicity at least 2. 

Let G[ = Gi and let G'^ = ®{Df^ : ^ for some i}. liG'^ is defined, 
define 

= ®{Df^^^ : aj^^' ^ for some i such that G G^}. 

Set (5n = {oin)\G'n- ^® important to note that each nonzero partial map (a^'*) 
of Pn has multiplicity at least 2 and for each j, at least one ^ 0. 

Let G' = lim„^oo(G'j, It suffices to show that G' is order isomor- 
phic to G. We will use a„^„t ("i > for am ° Om-i o • • • o and /3n,m for 

f^m ° Pm-l °---°l3n- Clearly Pn,m = (an,m)|G^- 

Define 4>i = /3i : G[ — G2. By Lemma 1.1, there exists an integer 
A^(l,2) > such that the conclusion of 1.1 holds for mi = 1 and ni2 = 2. 
Let k{2) = N{1,2). Define -02 = a2,A;(2)- The conclusion of 1.1 shows that V'2 
maps G2 to G^2) and ^'20^1 = /3i,A:(2)- 

Define (f>2 = I3k{2) ■ G"^(2) ^ G'fc(2)- By definition of 1^2, a2,fc(2) = 4>2 o V'2- 
By applying 1.1 again, we obtain an integer k{3) = N{l,k{2)) such that the 
conclusion of 1.1 holds for 1 and k(2). Define ip^ = a^2),k{3)- The conclusion 
of 1.1 shows that ip3 maps Gk(2) to G^^y Also, Pk{2),k{3) = V'3 ° ^2- Thus we 
obtain the following commutative diagram: 

/3fc(2),fe(3) „, 

"2,fc(2) ak(2)M3) „ 
^2 ^ <^k{2) ^fe(3)- 



CLASSIFICATION OF SIMPLE Cf -ALGEBRAS 



525 



Continuing this construction, wc obtain the next commutative diagram: 

r^l /^l,fc{l) ^, /3fe(2),fc(3) /3fc{3),fe(4) „, 

'^l ' '^fe(2) ' ^it(3) ' 

■02 i</'2 '03 J'</>3 04 
«2,/c(2) afe(2),fe(3) afe(3),fe(4) 
Lr2 ^ Lrfe(2) ^ <^it(3) ^ ^ 

Therefore G = G' . Since each and is positive, this isomorphism is 
in fact an order isomorphism. □ 

Definition 1.3. Let f : ^ he & degree k map {k > 1), i.e., a 

continuous map with winding number k. We let (following 4.2 in [EG]) Tjj^k = 
D'^UfS^, the finite connected CW complex obtained by attaching a 2-cell to 
via the map /. Note that KQ{C{Tii,k)) = ZeZ//cZ and Ki{C{Tii^k)) = {0}. 
Let 5- : 5^ ^ 5^ be a degree k map (A; > 1). Let Tiii,k = D^UgS"^ be the 
connected finite CW complex obtained by attaching a 3-ccIl D'^ to S*^ via the 
map g. Note that Ko{C{Tiiik)) = ^ and Ki{C{Tnik)) = '^/kZ (see 4.2 in 
[EG]). 

Definition 1.4. Let C = PMn{C{X))P, where P C M„(C(X)) is a pro- 
jection with rank r{x) at point x. Note that if X is connected, r{x) is a con- 
stant. Let B be another C*-algebra. A map u : C ^ B is said to be a 
point-evaluation, ii uj = h o tt^, where x G X is a point, TTxif) = fix) maps 
C to Mj-.(^x) and h : -M,.(j.) ^ i? is a homomorphism. Suppose that e G 
is a minimal projection. We say that w is a point-evaluation with a minimal 
projection h{e). 

The following is a refinement of a result in [EG]. Only part (3) is new. 

Theorem 1.5. For any countable simple weakly unperforated scaled or- 
dered group (G, G+, [u]) with the Riesz interpolation property and any countable 
abelian group F, there exists a unital simple C* -algebra A of real rank zero with 
the following properties: 

(1) A = liiain^ooiAn,hn), where each A^ is a finite direct sum of 
PiM^^i) {C{Xi))Pi, where X^ = FiVFaV- • • and each = S\S^, Tn,k, 
Till, I, or a point; 

(2) {Ko{A),Ko{A)+,[Ia]) = {G,G+,u) and Ki{A) = F and 

(3) keipKo{A} = limn^oo(kerpi^Q(^^),(/i„)*). 

Proof. Let Go = Pg{G). Then Go is an unperforated ordered group. By 
Lemma 1.2, we may write Gq = limjj_>oo (G„,q:„), where = ©(^^Z with 
the usual order and an'''^ : d\^^ has order at least 2 and satisfies 
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the rest of the requirements of 1.2. Let keipc = hm„^oo(-f^n) /3n) and let 
F = hm„^oo(-^n)7n)! where iJ„ and F„ are finitely generated abelian groups. 
Let Gn = an,oo{Gn)- We may write Gn C Gn+i, n = 1, 2, . . . . 

Let Sn be the subgroup of G generated by kcrp^ ^ind G'j such that 
pc{G'^) = Gn- Since G„ is free, we may write 5„ = Gn ® kerpG*. Let z„ : 
Sn Sn+i be the embedding. Then tn{g ® h) = g (B {in\g) + h), where 

'■ Gn — kerp is a homomorphism (note that if G = Go © kerp, then one 
may choose in^ = 0). Set 5^ = G„ © kevpc- Define jn ■ Sn — Sn+i by 
jn{g ®h) = an{g) © {an\g) + h), where a'n^ = o an,oo- Then the following 
is commutative: 

Tan 

o Jn Q 

On — ^ iJn+l- 

Set rjn = {jn)\G„ and 5n = r]n®Pn- Set 

{Gn © Hn)+ = {((?, X) : g > 0, X G i/n} U {0}. 

Note that (G, G+) = lim„^oo(G„ © Hn, {Gn © Hn)+,5n). 

Let X„ = Yi V ^2 V ■ ■ ■ V where = S^, Tf/^fe or Tj//^;, such that 

i^0(C(^n)) =Z©i^n with 

kerpc'(x„) = Hn, 
Ko{G{Xn))+ C {{z,x):z>(},xeHn}U{0}, 
{{y,x):y>3,xeHn} C Ko(G(X„))+ 

(see 4.17 in [EG]) and Ki{C{Xn)) = Fn- Suppose that u = Sn{un) and that 
T^j{un) ^ 4, where ttj : Gn — > Z is the projection to the j^^ coordinate. 

Let Ai = PiM,(i)(G(Xi))Pi © Bi, where Bi = ^^'■^^-^A'h, Pi G 
-^r(i)(C'(^i,i)) is a projection so that [Pi] = 7ri(ui) (s(l) > 7ri(tti)). We 
have 

Ko{Ai) = Gi®Hu 
kerpAi = Hi, 
Ko(^i)+ C {{g,x):ge{Gi)+}®{0}, 
{{g,x):geZ{D^i\} C i^o(^i)+, 

and 

Ki{Ai) = Fn. 

Set Gi = PiM,.(i)(G(Xi))Pi. Denote by r(l, 1) the rank of Pi (r(l, 1) < r(l)), 
and let r{l,i) = 2 for 2 < i < /(I). 

Let A*" be the required integer in Lemma 3.27 in [EG] corresponding to the 
space Xi and e < 1/4. Using 1.2, choose k2 such that each nonzero partial map 
a^k^ multiplicity N + 3. Since, for each j, a{-'j^^ ^ for some z, i^j{uh2) ^ 



CLASSIFICATION OF SIMPLE Cf -ALGEBRAS 



527 



iV + 3 for all j. Let P2 be a projection in M^(2)(C'(^fc2)) some integer 
r(2) so that [P2] = T^i{uk{2)) s^nd Q2 < P2 be a projection with rank = the 
multiplicity of a\'l.^ times r(l, 1). Since the rank of Q2 is at least (Ar+3)r(l, 1), 
we may assume that P2 — Q2 is a trivial projection. Set B2 = 0i=i^~^Af^(2,j)) 
where r(2,i) = X]j=i '^ij,* multiplicity of Q^'j^j' 

C2 = P2M,(2)(C(Xfc,))P2." 

Define /ii^2 : Ci — > i?2 by 

/ii,2(/)= E ^^Af), 

where i^ij- : Ci — > M^(2j) is the point evaluation at a point xi G Xi with 
minimal projection having rank mij^i (see 1.4). Define /iij : i?i ^ S2 ac- 
cording to the multiplicity ((/(I) — 1) x {l{k2) — 1)) matrix {a{'^k^)\2,2~/=i''^^~^ ■ 
Define /i2,i : -Bi ^ C2 according to the multiplicity of a^']^.^ so that the minimal 
projections are trivial. 

We define /i2,2 : Ci ^ C2 by applying 3.27 in [EG]. Write Q2 = Q2,o©Q2,i 
with Q2.1 having rank 12 x r(l, 1) and Q2,o a trivial projection. Define /i2,2 • 
Ci C2 by /i2,2 = 4>i,2 © 00,2, where 

^X2{f) 



<^0 



M) 



OJ. 



XK 



,(/) 



V <(/) / 

where {xi, . . . ,xki} is 1/4-dense in Xi, uj^i is the point-evaluation at Xi 
such that the minimal projection is a trivial projection in C2 of rank 12, 
i = 1,2, . . . , Ki, and lo'^^ is the point-evaluation at Xi such that the mini- 
mal projection is a trivial projection and u}xi{lci) = Q2,o — J^i^i '^xiilci) ■ 
Furthermore, ^1,2 : C*! Q2,iC'2<52,i is given by the map (f)i as described 
in the proof of 3.27 in [EG] so that 0i,2(lci) = Q2,i5 ['?!'i,2]|i?i = Pi,k2 
[<Pi,2]ki{Ci) = liM {Ki{Ci) = Fi] 
Define $1 2 : ^1 




according to the decomposition Ai = Bi (B Ci and A2 = B2 ® C2- From the 
above construction, we verify that 

[$i,2]ko(Ai) = -^i.fe and [$^2]ki(Ai) = 7i,fe2- 
By continuing this construction, we obtain {An} and (^n,n+i- Then A = 
lim„_^oo(^n, ^n,n-i-i) has real rank zero and {Kq{A), Kq{A)^, [I a]) = {G, G+,u) 
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(see the proof of 4.18 in [EG] for example) and Ki(A) = F. The simplicity of G 
also implies that A is simple. This also follows the fact that the multiplicity 
of each a^j*'"*^ is at least 4. So (1) and (2) follow. Part (3) also follows from the 
fact that [$i,2]ko(Ai) = Kk2- n 

Definition 1.6. Let C„ be a commutative C*-algebra with i^o(C'„) = 
Z/nZ and Ki{Cn) = 0. Suppose that ^ is a (7*-algebra. Then Ki{A,'L/k'L) = 
Ki{A®Ck). Let V{A) be the set of all projections in Moo{A), Moo{C{S^)® A), 
Moo{{A®Crn)) and Moo{{C{S^)®A®Crn)). We have the following commutative 
diagram ([Sc]): 

Kq{A) ^ Ko(AZ/A;Z) ^ Kr{A) 

Tk ik 
Kq{A) ^ Ki{A,Z/m) ^ Ki{A). 

As in [DL], we use the notation 

K{A)= Ki{A;Z/nZ). 

i=0,l,neZ+ 

By Iiom\{K_(A), K_{B)) we mean all homomorphisms from K_{A) to K(B) 
which respect the direct sum decomposition and the so-called Bockstein opera- 
tions (see [DL]). It follows from [DL] that if A satisfies the Universal Coefficient 
Theorem, then }iom f,{K{ A), K{B)) = KL{A, B). 

Let A and B be two C*-algebras and L : A ^ B a completely positive 
linear map. Then L induces maps from Ai^Cm to B^Cm, from C{S'^)®Ai^Cm 
to C{S^) ® B ® Cm, namely, L (g) id. For convenience, we will also denote the 
induced map by L. Let A and B be C*-algebras, let L : ^ — > 5 be a contractive 
completely positive linear map, let £ > and let C A be a subset. Now, L 
is said to be .F-e-multiplicative, if 

\\L{xy)-L{x)L{y)\\<E 

for all x^y ^ J-. Given a projection p G P(A), if L is ^-^-multiplicative with 
sufficiently large Q and sufiiciently small e, L{p) is close to a projection. Let 
L(p)' be that projection. Fix a finite subset Vi C P(A). It is easy to see that 
L{p)' and L{q)' are in the same equivalence class of projections of P(A), if p 
and q arc in Vi and are in the same equivalence class of projections of P(A), 
provided that !F is sufficiently large and e is sufficiently small. We use [-i^](p) 
for the class of projections containing [L](p)'. In what follows, whenever we 
write [L] (p) , we assume that is sufficiently large and e is sufficiently small so 
that [L] [p) is well-defined on Vi . Furthermore, abusing the language, we write 
[L]([p]) as well as [-Z^](p), where [p] is the equivalence class containing p. 

Suppose that q is in P(A) with [q\ = k\p\ for some integer k\ by adding suf- 
ficiently many elements (partial isometries) in !F, we can assume that [L] (q) = 
k[L]{p). Suppose that G is a finitely generated group generated by V and 



CLASSIFICATION OF SIMPLE Cf -ALGEBRAS 



529 



G = © 'L/ki'L © • • • 'L/km'^- Let gi, §2, ■ ■ ■ , gn be free generators of and 
ti G "L/ki'L be the generator with order ki, i = 1,2, ... ,m. Since every element 
in Ko(C) (for any unital C*-algebra C) may be written as \pi] — \p2] for projec- 
tions pi,P2 £ Ml, for some I > 0, with sufficiently large J-" and sufficiently 
small £, one can define [L](gj) and Moreover (with sufficiently large 

and sufficiently small e), the order of [i^](ti) divides ki. Then we can define a 
map [L]\g by defining [L](EF n^ffi + mjtj) = Ei ni[L]{gi) + mj[L]{tj). 
Thus [L] is a group homomorphism on G. Note, in general, that [L]\-p may not 
coincide with [L] jo on P. However, if is large enough and e is small enough, 
they coincide. In what follows, if V is given, we say [L]\g is well-defined and 
write [L]\g if [L]\v is well-defined, [L]\g is well-defined and is a homomorphism 
and = [L]\g on V. 

Definition 1.7. We denote by C the family of all unital simple C*-algebras 
of real rank zero which are direct limits of finite direct sums of unital hereditary 
C*-subalgebras of M„(C(X)) (for various n), where X is a connected finite CW 
complex of dimension no more than 3 (and X may be different in the sums). 
This is precisely the class of simple C*-algebras classified in [EG] . 

Lemma 1.8. Let A be a unital simple C* -algebra in C. Let Gq be a 
finitely generated subgroup of Kq{A) with decomposition Go = Goo©Goi, where 
Goo C kei PA and Gqi is a finitely generated free group such that {pa)\goi is 
injective. Suppose that V C K.{A) is a finite subset which generates a subgroup 
G such that G n Ko{A) = Go- 

Then, for any e > 0, any finite subset T CI A, any 1 > r > 0, and 
any integer K, there is an J^-e-multiplicative map L : A ^ A satisfying the 
following: 

(1) [L]\-p and [L]\g are well-defined and [L]\g is positive on G, 

(2) [L]\ m\GnKo(A,Z/kI.) — ^(^\GnKo{A,Z/kZ)^ m\GnKi{A) 
= id|Gni<-i(A) and [L]\GnKj_iA,z/kZ) = ^d\GnKi(A,z/kZ) for those k with 
GnKi{A,L/kL) ii = 0,l), 

(3) \pAo[L]{g)\ <r\pA{g)\ for all g e G H KoiA) . 

(4) Let gi,g2,..,gi be positive generators of Gq\. Then, there are /i, . . . ,// G 
Kq{A)^ such that 

gi-[L]{gi) = Kfi, i = l,2,...,L 
Proof. We may write A = \imn^oo{An, (p^n^n+i 

), where A^ = ®T=i^ Bn,i, 

each 

Bn,i = Pn,iMj(^n,i){C'{Xn,i))Pn,i 
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for some connected finite CW complex X^^i with dimX^^j < 3 and Pn^i G 
^J{n,i){C{Xn,i)) is a projection, and ^ 

n,n+i '■ -^n — ^ is a homomorphism, 

as constructed in 1.5. In particular, (3) in 1.5 holds. 

Let (l>n.i,j '■ Bn^i Bn+ij be the partial map determined by Fix 
< r < 1. By the proof of 1.5, we may assume that 

'f>n,i,j{f) = diag((^n,ij(/),V'n,i,j(/)), 

where (j)n,i,ji^B„ i) lias rank no more than 12 X rank(lB^ .) and 

Z(n,jJ) 

V'n,i,j(/) = ^n,i,jAf)^ 

s=l 

where oJn,i,j,s is a point-evaluation (see 1.4) such that uJn,i,j,s{'^B„ i) = Qn,i,j,sj 
{Qn,i,j,s} is a set of mutually orthogonal projections in Bn+ij and {qn,i,j,s} are 
equivalent (trivial) projections in Bn+ij with rank at least 12 x rank(lB„ J for 
s = 2, . . . ,l{n,i,j), and qn,i,j,i has rank ranklB„+i j - 12 x Z(n, f, j)1b„ ;. 

By choosing larger n, we may assume that C ^n,oo(^n)- Furthermore, 
we may also assume that 

n.oo 

Let G' be a finitely generated subgroup of K_[An) such that [0n,oo](G'') 
= G. To save notation without loss of generality, we may assume that Go = 
[(pn,oo]iKo{^n)). Write KoiAn) = Fq (B Fi, where Fo = kerpA„. By (3) of 1.5, 
we may assume, without loss of generality, that [<^n,oo]{Fo) = Gqo- Let Kq be 
the integer such that 

G' UKi{A,Z/kZ) = {0} 

whenever k > Kq and z = 0, 1. Put Ki = K{Koy.. By replacing n + 1 by a 
larger integer, if necessary, we may assume that 

l{n,i,j) > {Ki + l)Ki(l/r) for all n,i,j. 

Let 

l{n,i,j) - 1 = Kiv{n,i,jy + r{n,i,j), 

where v{n,i,j) and r{n,i,j) are nonnegative integers with r{n,i,j) < Ki. 
Define 

l+r(n,i,j) 
s=l 

and define 

l{n,i,j) 

^'n,i,j{f) = ^n,i,3,s{f) for all / G Bn,i. 

s=2+r{n,i,j) 
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Define <!>(/) = ®ij<^n,iAf) and <^'{f) = ®ij^'^^,j{f) for / G Since has 
finite-dimensional range, we know that 

[^']ko{A„)nkcrpA„ = and [^']\ki{A„) = 0. 

For each i and j, j ^ (/) is a direct sum of Kiv{n, i, j) many point-evaluations. 
Since Xn^i is connected and {Kq)1\Ki, by considering each we conclude 

that (for A; = 2, . . . ,ifo) 

[^']\Ko{An,z/kZ) = and [$']ki(A„,z/fcZ) = 0. 

Therefore 

[^]\fo = [(f>n,n+l\\Fo, [$] ko{A„,Z/feZ) = [<Pn,n+l]\Ko{An,Z/kZ), 

[^] \ki{A„) = [(t>n,n+l]\Ki{An) ^nd [#] \Ki{A„,Z/kZ) = [0n,n+l] \Ki{A„,Z/kZ) 

for every A; = 1, 2, ... , Kq. Thus 

[?^n-Hl,oo O ^]|fo = [?!>n,oo]|Fo, 

[4>n+l,oo ° ^]\KoiA„,Z/kZ) = [4>n,oo]\KoiAn,Z/kZ), 

[0n-hl,oo o ^] ki(A„) = [(f>n,oo]\Ki{An) 

and 

['/'n+1,00 o *l']|ii-i(yl„,Z/fcZ) = [?!'n,oo]|i4'i(yl„,Z/fcZ) 

for every k = 1,2, . . . , Kq. It is clear that 

keT(t)n+i,oo o * = ker^„,„+i. 

(In fact, we could assume that ker0„+i^co o $ = ker(^„^„+i = {0}.) Thus, 

4'n+i,oD ^ induces a map : <f>n,oo (An) A. Set A'^ = (t)n,oo{An). Denote by 
I : — > A the embedding. From above, we have 

[*]|kerp^/^ = Hkerp^/^, = [i]ki{A'J, 

[*]ko(A;,z/feZ) = b]KoiA'„,z/kZ), and [*]|Ari(Aj„z/feZ) = Wjsri(A;,z/feZ) 
for A; = 1, 2, ... . 

Since A is unclear, for any finite subset J^i C A and S > 0, there exists 
(see 4.1 in [Ln4]) a completely positive linear map L : A ^ A such that 

\\L{a)-^{a)\\<5 

for all a G JF^. We may assume that T d T\ and S < e. Furthermore, by 
choosing even larger T\ and small b, we may assume that 

WIgoo = id I Goo > W lGnJ!'i(A) = id|GnKi(A) 

[-t'] I GnJCo (A,z/feZ) = id I GnJCo (A,z/feZ) and \L\ \ q^k^ {A,'Z/kTj = id | GnKi {A,z/kZ) 
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for all k so that G r\ Ki{A,Z/kZ) / (i = 0,1). From /(n,i,j) > 
{Ki + l)K\{l/r) we conclude that 

r(L(a))) < rr(a) 

for all a G A and r G T(A). This implies that L satisfies (1), (2) and (3). For 

s > 2, [w„,jj,s] = [^n,i,j,2\- Since, for any z € i^o(-B„,i), 

[0n,i,j](^) - [^n,i,j\i^) = K{KQ)\v{n,i,j)[Un,i,j,2]{z), 

(4) also follows. □ 



2. Extensions of positive homomorphisms on ordered groups 

Let G be a group. Go be a subgroup of G and F be another group. 
In general, to extend a homomorphism : Go — > -F to a homomorphism 
(p : G —>■ F requires F to be divisible. If G is an ordered group and cp is 
positive, much more is required of F to obtain a positive extension. In this 
section, we will present a positive extension theorem which neither requires 
divisibility nor completeness of F. This result is rather special but is essential 
for us to construct maps in 3.4. 

Lemma 2.1. Let G C 6e an ordered subgroup and let 

ei = (l,0,...,0),...,efe = (0,...,0,1) GZ^ 

Suppose that S C {1, 2, . . . , A;} such that if i E S, then there exists a positive 
integer rrii such that miCi G G and ifi^S, then mci ^ G for any m G Z \ {0}. 
Then for any positive homomorphism ^ : G ^ R with (j){G-\- \ {0}) C M-|- \ {0}, 

inf {(l){g)/n : geG,g> nei} > sup{(f>{g)/m : geG,g < mei} > 

for all i ^ S. 

Proof. This follows from Lemma 2.10 in [Ln6]. □ 

Lemma 2.2. Let G C Z'', let 

ei = (l,0,...,0),...,efe = (0,...,0,l) GZ^ 

and S C {1,2, . . . , A;} be as in Lemma 2.1. Let T be a Choquet simplex and 
F C Aff (T) be a dense subgroup such that / G F+ \ {0}, f{t) > for all t ET. 
Suppose that (p : G ^ F is a positive homomorphism. Let 

Uj{t) = mi{(j){g){t)/n :neN,ge G,nej < g}, 



Lj{t) = sup{(f>{g){t)/n :neN,g eG,g < nej} 
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and Hj{t) = Uj{t) - Lj{t). Then 

liminfH j{t) > 

t—*to 

for every to € T, if j S. 

Proof. Clearly Hj{t) > for all t G T. Suppose that j ^ S. By Lemma 2.1, 
if Hj (t) = for some t gT, then j € S. Therefore Hj (t) > for every t € T. 

We extend (j) on QG by defining (j){rg) = r(j){g) for all r G Q and g E G. 

Note that, since QG is finite-dimensional, if {xn} C QG is a bounded 
sequence, so is {<f>{xn)}- Note also that Hj{t) > for all t gT. Without loss of 
generality, to simply notation, we may assume that j = 1. There are gn € QG 
with gn > ei, gn = (1, rj"-", ra""*, . . . , r^."-'), where r-"^ € Q_,_ for i = 2, 3, . . . , A: 
and tn E T such that tn to and (t>n{gn){tn){t) 1™ inft->to C/j (t) ; and, 
there are y„ G QG with yn<ei,yn = (1, ^i"'^ ■ ■ ■ , 9^"^), where -q\'^^ G Q+ for 
i = 2,3, . . . , k and Sn such that s„ — >■ to and (f){yn)isn) — ^ limsupj^j^j 

By 2.9 in [Ln6], for each t £ T, there exist > 0, i = 1, 2, . . . , A;, such 

(n) 

that = for z G G, where uj = {ai, . . . ,ak)- Therefore {r- } 

is a bounded sequence for every i = 2,...,k. Similarly, {qf"^} is a bounded 
sequence for every i = 2,...,k. Thus {^(^n)} and {4>{yn)} are (uniformly) 
bounded (on T). Since QG is finite-dimensional, {(!>{gn)} and {0(yn)} are pre- 
compact subsets of Aff(T). Thus, without loss of generality, we may assume 
that (p{gn) g and (p{yn) x uniformly on T, where g, x G Aff(r). Since 
each gn > ei and yn < ei, we conclude that g{t) > Uj{t) > and x{t) < Lj(t) 
for all t eT. Furthermore, 

g(to) = liiaimfUj{t) and x{to) = limsupLj(t). 

We assume that Hj{t) > for all t G T. Therefore g{t) > x{t) for all t G T. 
Since x and g are continuous and T is compact, 

ini{g{t) - x{t) : t G T} > 0. 

This implies that 

liminf i?, (t) > for all, toET. □ 

i— >io 

Lemma 2.3. In Lemma 2.2, if K > is a previously given integer, then 
there exists / G F C Aff (T) such that 

Lj{t)<Kf<Uj{t) 



for all t G T. 
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Proof. Since T is compact and Hj is upper semi-continuous, 
limMt^to Hj{t) > for all to e T and the fact that Hj{t) > for alH G T 
implies that mf{Hj{t) : t e T} > 0. Let a = {1/32) ini {Hj{t) : t e T} > 0. 
Then < 31a < limmff_^t Hj{t') for all t eT. Fix to G T, let g and x be as in 
the proof of 2.2. Then 

limsupLj(t') < x{to) + a/8 < x{to) + a/A 

t'^to 

< g(to) - a/2 < g{to) - a/4 < limini Uj{t'). 

t'—>to 

We have 

x{t') < Lj{t') and Uj{t') < g{t') 
for any if G T. So, in particular, 

x{t') < git') 

for all t' G T. Therefore there is a neighborhood O{to) such that the following 
holds: 

Lj{t') < limsupLj(t") + a/16 < x{t') + a/8 < x{t') + a/4 < g{t') - a/2 
< g{t') - a/4 < liminf [/(ei)(t") - a/8 < U{ei){t') 
for all t' G O{to). 

Since T is compact, there are 0{ti),0{t2), ■ ■ ■ , 0{ti), such that L)[^iO{ti) 
D T. Note that (with Xi and gi corresponding to 0{ti)) Xi{t) +a/A,gi — a/2 G 
Afr(T), i = 1,2,... ,L Set 

X = (xi + a/4) V {x2 + a/4) V • • • (x; + a/4) 

and 

g = {gi-a/2) A{g2-a/2) A---{gi-a/2). 

Since Xj < Lj and Uj < gi for i, j = 1,2, . . . ,1, x < g. Since T is a Choquet 
simplex, Aff (T) has the Riesz interpolation property (see II. 3. 11 in [Alf]). Thus 
there is /i G Aff (T) such that 

X < h < g. 

Therefore (by considering each 0{ti)), we have 

Lj{t) + a/16 < x{t) < h{t) < g{t) < Uj{t) - a/16 
for all t eT. Hence, 

Lj{t) < hit) - a/32 < hit) < Ujit) - a/16. 
Since F is dense in Aff(r), there exists f E F such that 

11/ - {1/K)h\\ < a/128K. 
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Therefore, 

Lj{t) < h{t) - a/32 < Kf{t) < h{t) + o/32 < Uj{t) 
for all t&T. □ 

Lemma 2.4. Let G and D be ordered groups. Suppose that there is a 
surjective homomorphism p : G ^ D such that g > if and only if p{g) > 0. 
Then, for any other ordered group G' and a homomorphism ijj : G' ^ G, is 
positive if and only if po tp is positive. 

Proof. This is evident. □ 

Lemma 2.5. Let G <Zl}^ he an ordered subgroup, T be a Choquet simplex 
and F C Aff(r) be an ordered dense subgroup with the strict ordering {i.e., 
f G -F+ \ {0} implies f{t) > for all t G T). Suppose that G' is an ordered 
group with a surjective map p : G' ^ F such that g € G'j^ if and only if p[g) G 
F+. There exists an integer K depending only on G satisfying the following: 
Suppose that (f) : G ^ G' is a positive homomorphism such that (f){g) > for all 
g G G_|_\{0} and such that (f){gi) = Kfi for the generating set {gi, . . . , g^} C G, 
where fi G G'; then there is a positive hom,om,orphism (j) : Wl' ^ G' such that 
(^Ig = and po^{ej) G C^VlO}, where ei = (1, 0, . . . , 0), . . . , = (0, . . . , 0, 1) 
are the standard generators of iJ' . 

Proof. Let Pj : Z,^ 1? be the projection on the first j coordinates. Let 
Gj be the subgroup generated by Pj(Z^) and G, j = . . . ,k. Set Go = G. 
Let So be the subset of {1,2,..., k\ such that there is a positive integer mt 
with mtCt G Gq whenever t G Sq. We may assume that So = {1,2,...,/} 
(/ > 0). Let 

Iji = {m G Z, : niiCi G Gj}. 
Then Lji is a subgroup of Z. Let mji = min{|m| G Iji \ {0}} and 

= n ^ji- 

ieSj 

Set J = U.j=o Kj and K = . 

This integer does not depend on ^ but only on G. Let {51,52, ■■■ ,5n} 
be a generating set for G. Suppose that there are /i, . . . , /„ G G such that 
<t>{gi) = Kf„i = 1,2,... . 

The condition that (l){gi) = K fi for some fi G G' implies that {1/ K)(f){miei) 
G G' for some positive mj and for all z < Z. So we define (^(cj) = {l/mi)(j){miei) 
(z = 1, 2, . . . , I). Note that {l/j''-'^)^{g) G G'+ for g G G+. Since (for j < I) 

sup{/9 o (f)[g)/m : g e G,m > and g < mej} > 0, 

sup{/9 o (f)[g)/m : g G Gi,m > and g < mej} > 0. 

So /9 o maps {Gi)+ \ {0} cF+\ {0}. 
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It follows from 2.3 that there is / € such that 
Li+i{t) < Kf{t) < Ui+i{t) 

for all t eT, where 

Li+i{t) = sup{p o 4>{g)/m : m eN,g e Gi and g < me;+i} 

and 

Ui+i{t) = inf{/9 o 4>{g)/m : m G N, 5 G and g > me;+i}. 

Let g E G' such that p{g) = f. Define 4>{ei+i) = Kg. It follows from [GH] 
that (f) extends (p and p o (j) \s positive. By 2.4, (p is positive. Furthermore, 
p o (f) maps \ {0} into \ {0}. Let Si be a subset of {1,2,..., A;} 

such that rritet £ G^+i for some positive integer rrit whenever t & Si. Note 
that for any g G {I / J^-^)4){g) G G^. If Z + 2 G ^2, define 4>{ei+2) = 

(l/m/+i)^(m;+ie/+2)- Otherwise, by 2.3, there is G P+ such that 

Li+2{t) < Kfi+2 < Ul+2{t) 

for all t E T. Choose gi+2 € G' such that pigi+2) = fi+2- Define (j){ei+2) = 
Kgi+2- In either case we obtain a positive extension 4> on G^^2 ^-nd (1/ 7*^^^)0(5) 
G -F+ for all 5 G So by an induction argument we obtain ^ : Z'^ ^ G' 

as desired. □ 

3. A classification theorem for simple nuclear G*-algebras 
with tracial topological rank zero 

Definition 3.1. A G*-algebra A is said be in BV if there is an integer 

k > such that every irreducible representation of A is finite-dimensional 
and its dimension is no more than k. The integer k is called the bound. A 
G*-algebra A is said be in jCBV (locally BV) if for any e > and any finite 
subset !F C A, there exists B G BV such that 

dist(x, B) < £ for all x ^T. 

Lemma 3.2. Let A be a unital separable C* -algebra in BD with the bound k, 
let 1 = /i,/2,---,/m € pAiKo{A)^) and let G be the subgroup generated 
by fi, ■ ■ ■ , fm- Then there exists finite- dimensional irreducible representations 
TTi, 7r2, . . . , TTjv of A such that 

g f-^ (tr o (7ri)*(c/), . . . , tr o (7rAr)*(5))) 

is an order embedding from G to , where tr is the normalized trace on matrix 
algebras. 
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Remark 3.3. In Lemma 3.2, set x = maxjtr o 7ri([lyi]) : i = 1, . . . , A''}. 
Then the composition 

5 (tr o (7ri)*(ff), . . . ,tr o {TTN)^{g)) ^ x{ti o (711)^(5),. . . ,tr o (7rAr)*(c/)) 

gives an order embedding from G into Z^. 

Proof of Lemma 3.2. This is proved in [Ln7]. Denote by s{A) the set of 
normahzed traces on A defined by t{a) = tr o 7r(a) {a A), where vr is a finite- 
dimensional irreducible representation of A and tr is the standard normalized 
trace on matrix algebras, equipped with the weak*-topology. It follows from 
Corollary 2.7 in [Ln7] that the closure of the convex hull of s{A) is T{A), the 
tracial space of A. Therefore the map / f\s{A) is an order embedding from 
AS{T{A)) to Cis{A)). Let Da : Ko{A) C(s(^)) be defined by p ^ p{t) 
{t € s{A)), where p is a projection in yl ® /C. Then Da is a positive homomor- 
phism. Therefore the map from pa{Ko{A)) (c Aff(r(^))) to Da{Ko{A)+) 
defined by restriction is an order isomorphism. The lemma then follows from 
Lemma 2.4 in [Ln7]. □ 

Lemma 3.4. Let A be a unital C* -algebra in CBT> which is a sim,ple 
C* -algebra with stable rank one and weakly unperforated Kq{A) and let B ^ C 
which is a unital simple C* -algebra with real rank zero. Suppose that a G 
}lom\{I£{A) , I£{B)) which gives an order isomorphism from {Ko{A), Ko{A)jf., 
[1a],Ki{A)) to {Ko{B),Ko{B)+, [1b],Ki{B)). Then there is a sequence of con- 
tractive completely positive linear maps L^ : A ^ B such that, for any finite 
subset V CP{A), 



for all a, b E A. 

Proof. Fix a finite subset C A and a finite subset V C P(^). Since A 
is in CBV, we may assume that there exists A^ C A such that A^ & BV, 
T C Am and V C [i](^), where Q C P(^^) is a finite subset and j : A^ — A 
is the embedding. Set a = /3o [j] G HomA(A^(^m), Since both A and 

B are simple, and a|xo(A) is an order isomorphism, for any g G Kq{A) \ {0}, 
Pb o Pig) 7^ 0. Note that A^ satisfies the Universal Coefficient Theorem. It 
follows from 5.9 in [Ln4] that there exist a sequence of contractive completely 
positive linear maps ipn '■ B®K and a homomorphism i7„ : A^ B®1C 

with finite-dimensional range such that 



[LnWr = a\v 



for all sufficiently large n and 



Lniab) - Ln{a)Ln{b)\\ ^ 



(e3.1) 



Mg=P\g + [Hn]\g. 



538 



HUAXIN LIN 



Let G' = KqIA^) n G, where G = G{Q) is the finitely generated subgroup 
generated by Q. We may assume that there are projections pi, ... ,pi G Mfc(A^) 
for some k such that G' is generated by [pi], . . . , [p/]. We may assume that 
(eS.l) above holds for G' . Let Go = PAmi^')- 1^ follows from 3.2 (and 3.3) 
that Go C Ko{7:{Am)) C Z'^ for some integer A; > 0, where tt : C is 

a (surjective) homomorphism from A^ to a finite-dimensional G*-algebra C. 
Let K be the integer associated with Go defined by 2.5. 

Let Ki be the integer such that G n Ko{A, Z/kZ) = for all k > Ki. 

Let = i^n® Hn © • • • © the direct sum of K{Ki) \ — 1 copies of 
Thus 

['i>n]\g = c^\g+K{Kr)\[Hn]\g. 

If F is a finite-dimensional G*-algebra then one has the following commutative 
diagram: 

Ko{F) > KoiF,Z/kZ) > Ki{F) 

I 1 

Ko{F) < K,{F,Z/kZ) < Ki{F) 

where Ko{F,Z/kZ) = Ko{F)/kKo{F), Ki{F) = 0, Ki{F,Z/kZ) = 0. Since 
Hn factors through a finite-dimensional G*-subalgebra, it is easy to check that 

[Hn]\Ki{A)nG = [Hn]\Ki{A,Z/k7.)nG = ^ and [Hn]\]<:erpA{Ko{A))nG = ^■ 

Moreover, 

iKiy.[Hn]\Ko{A,Z/kZ)nG = {k<Ki). 



Therefore 



[*n]ki(A)nG 
l^n] \Ki(A,Z/kZ)nG 
[*n] \keTpA{Ko{A))nG 



= «li{A)nG) 

= Oi\Ki{A,Z/kZ)nG 
= "|kerpA(J!'o(A))nG 



and 



[^n]\Ko{A,Z/kZ)nG = (^\Ko{A,Z/kZ)nG- 

Choose r > such that r < "'^^^''^ integer so that [i?„(lA)] < 

[1mj(b)]- Set G[ = [^n]{G)- Let Cj be projections such that [e^] = [^n]([pj])-[gi] 
(= a{[pi])), where [qi] = K{Ki)\[Hn]{\pi]), i = 1, 2, . . . , L Set Gi = [i'n]G) U 
{[ei],a([pi]), [qi],i = l,...,l}. 

Let L : 5 ^ B be as described in 1.8 associated with Gi (with e > and 
to be determined later). Set = L o Then 

[^n]\Ki{Am)nG = «li(A^)nG) 
l^n] \Ki(Arr,,'Z/kZ)nG = "|i<:i(A^,Z/itZ)nG 
[*n] |kerpA^(i^o(Am))nG = "IkerpA^ (Jsro(Am))nG 
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and 



[^n\\Ko(Am,Z/kZ)nG 



Oi\Ko{Am,Z/kZ)nG- 



We also have 



PB o i^nKg) < rpB o a{g) for geKo{A)r]G 



and 



«(bi]) - [^n]{[Pi]) = K{K,y.\pi], i = i,...,i, 



where fi G Kq{B). Note that (a - [*n])(fl') > for aU Gq \ {0}, since r < 
l/{KJ{Ki)l + 1). Note that also with the order embedding Go C Ko{Tr{A)) 
C Z,^ and the choice of K, by 2.5, there is a positive homomorphism ^' : 
Ko{TT{Am)) Kq{B) such that 



Since B has real rank zero and stable rank one, we obtain a homomorphism 
hn ■■ 7r(Am) ^ (1 - p)B{l - p) such that [hn] = where p = Ib - ^n{'^A) 
(we may assume that < Is, since r < 1/2(^7(^1)! + 1)). We set 

L„ = © /i„ o vr with sufficiently small e (depends on n) and the finite subset 
J^i (which is larger than (^n{J^)). Now 



Definition 3.5. Recall ([Ln6]) that a unital simple C*-algebra A has 
tracial topological rank zero (written TR(^) = 0) if, for any £ > 0, any finite 

subset and any nonzero positive element a, there exists a nonzero projection 
p & A and a finite-dimensional C*-subalgebra B C A with 1b = p such that 

(1) \\px — xp\\ < £ for all X ^ 

(2) pxp Ge B for all x G ^ and 

(3) 1 ~ p is equivalent to g € aAa. 

In [Ln3], a simple unital C*-algebra ^ with TR(yl) = is called TAF. It 
is shown in [Ln3] that a simple C*-algebra A with TR(^) = is quasidiago- 
nal and has real rank zero, stable rank one and weakly unperforated Kq{A). 
Every simple AH-algebra A with slow dimension growth and real rank zero 
has TR(A) = (this was proved in [EG]. See 2.6 in [Ln3]). 

One could prove the following result directly. But this follows from the 
main result in [Ln5]. 

Theorem 3.6 (cf. [Ln5]). Let A € CBV he a unital separable simple 
C* -algebra with unique normalized trace. Suppose that A has real rank zero, 
stable rank one and weakly unperforated Kq{A). Then TR(^) = 0. 



*Igo = (a - [^n])|Go- 



Ln]\v = Ol\v- 



□ 
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Definition 3.7. Let Li, L2 : A ^ B he two linear maps, e > and G A 
be a subset. We write 

Li ~£ L2 on J- 

if ||i^i(a;) — i^2(2:)|| < e for all x ^ T. 

Theorem 3.8 (Theorem 2.3 in [Ln4]). Let A he a separable unital nuclear 
simple C* -algebra with TR(A) = satisfying the UCT. T/ien, for any £ > 0, 

and any finite subset J- G A, there exist S > 0, a finite subset V C P{A) and 
a finite subset Q C A satisfying the following: for any unital C* -algebra B of 
real rank zero and stable rank one with weakly unperforated Kq{B), and any 
two Q-S -multiplicative morphisms Li,L2 : A ^ B with 

[Li]\r = [L2]\v, 

there exists a unitary U € B such that 

ad(f/) o Li L2 on J^. 

Theorem 3.9. Let A and B be two unital C* -algebras in CBV with 
TR(^) = TR(S) = satisfying the UCT. Suppose that there is an order iso- 
morphism a : {Ko{A), Ko{A)+,[1a], Ki{A)) ^ {Ko{B),Ko{B)+,[1b],Ki{B)), 
then there is an isomorphism h : A ^ B such that /i* = a. 

Proof. Since A satisfies the UCT, there is an (invertible) element z G 
KK{A, B) such that z\K^{A) = ct. We will use a for the corresponding element 
inKL{A,B). 

Fix a dense sequence {xn} of the unit ball of A and a dense sequence 
{Vn] of the unit ball of B. Set e„ = 1/2". Let Vi = V{ei/2,{xi}) C P(A), 
61 = 5(ei/2,{xi}) > and Fi = ^(ei/2, {a;i}) be as in 3.8 associated with 
ei/2 > and finite subset {xi}. We assume that xi ^ T\. By 3.4, there is a 
contractive completely positive linear map L\: A^ B such that 

||Li(a6)-Li(a)Li(6)|| <5i/2 

for all a, 6 G T\ and = ol\v\- Let T'x = L\{T\) U {yi}. Let Qi = 

V{e2/2,J^[) c P(^), ^1 = g{e2/2,J^() c B and di = 5{e2/2,J^[) > be as in 
3.8 (for B) associated with £2/2 and We may assume that Qi D [Li](7'i), 

Gi D T{ and dx < min{e2/2, (^i/2). 

By 3.4, there exists ^i:B~*A such that 

\\^[{cd)-^',ic)^'{d)\\<di/2 

for all c,d £ and [^'i]|qi = a~^|Qi- Then ^''^ o Li is (^1 -multiplicative on 
J^i and [i'l o Li]|-p^ = [idj-p^. It follows from 3.8 that there is a unitary ui £ A 
such that 

adui o (^'i o Li) ~£^/2 idA on {xi}. 
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Define = adwi o Set S2 = U {xi,X2}. Let = 0(62/2,82), 

V2 = 7^(62/2, S2) and S2 = 6(62/2,82) > (for A) associated with £2/2 and 
82- We may assume that T2 ^ S2, V2 D and 82 < min{e2/2, (ii/2). 

It follows from 3.4 that there exists L2 : A —>■ B such that 

||4(a6)-4(a)4(6)|| <<52/2 

for aU a, 6 G J^2 and 

[^2]|P2 = «|P2- 

Note that a(a~^) = [id]. By 3.8 there is a unitary V2 & B such that 
aAvi o L2 o ~£2/2 ids on Qi. 

Set L2 = adf 1 o L2 . 

Let = 12(^2) U {yi,y2}- Let ^2 = e?(e3/2,^^), Q2 = V(ez/2,T'2) and 
<^2 = 6(ez/2,T'2) be as in 3.8 (for B) associated with £3/2 and T'2. We may 
assume that T2 D ^'2-, Q2 D [-^2]('P2) and ^2 < niin{£3/2, (^2/2}. 

It fohows from 3.4 that there is a contractive completely positive linear 
map ^'2'- B ^ A such that 

\\^'2(cd)-^'2(c)^'2(d)\\<d2/2 

for all c,d E Q2 and 

[*2]|S2 = a""^lQ2- 
By 3.8 there is a unitary U2 G A such that 

adn2 o o L2 ~£3/2 id^ on J^2- 

Set ^'2 = adn2 o ^'2- 

Continuing in this fashion, we construct a sequence of contractive com- 
pletely positive linear maps Ln : A ^ B and : B ^ A such that the 
following diagram 

ILi y fi iL2 1'2 iis /" *3 

B ^ i? B ^ ■B 

is approximately intertwining. It follows from an argument of Elliott (sec for 
example 2.1, 2.2 and 2.3 in [ElU] and also 3.1 in [Lnl] for the case that the 
maps are not homomorphisms) that there are isomorphisms h : A ^ B and 
: B ^ A (each determined by {Ln} and {*n})- Q 

Theorem 3.10. Let A and B be two unital C* -algebras which are induc- 
tive limits of C* -algebras in BV with TR(^) = TR(B) = 0. Suppose that there 
is an order isomorphism 

a : (Kq(A),Ko(A)^,[Ia],KM)) ^ (Kq(B),Ko(B)^,[Ib\,K^(B)); 
then there is an isomorphism h : A ^ B such that = a. 
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Proof. Since each C*-algebra is in BV, both A and B satisfy the UCT. 
So the theorem follows from 3.9. □ 

Recently, it was shown by Q. Lin and N.C. Phillips that the following 
structure theorem about smooth minimal dynamical systems holds: 

Theorem 3.11 (Q. Lin and N.C. Phillips [LP]). Let M be a com- 
pact manifold and S : M ^ M be a minimal diffeomorphism. Then A = 
C*(Z, M, 5), the simple crossed product arising from the smooth minimal dy- 
namical system, is in CBV. In fact, A is a direct limit of subhomogeneous 
C* -algebras. Furthermore A has stable rank one and Ko{A) is weakly unper- 
forated. 

Thus we have the following: 

Theorem 3.12. Let Mi and M2 be compact manifolds, 5i : Mi ^ Mi be 
a minimal diffeomorphism {i = 1,2) and let Ai = C*{Z,Mi,hi). Suppose that 
TR{A) = 0. Then Ai ^ A2 if and only if 

{Ko{Ai),Ko{Ai),[1aA,Ki{Ai)) - iKoiA2),Ko{A2U,[lA,],Ki{A2)). 

An important case for dynamical systems is the unique ergodic case, where 
systems admit unique invariant measures. The resulting simple crossed prod- 
ucts admit unique normalized traces. 

Corollary 3.13. Let Mi and M2 be compact manifolds, hi : Mi ^ Mi 

be a minimal diffeomorphism {i = 1,2). Let Ai = C*{Z, Mi,hi). Suppose that 
{Mi, hi) has a unique invariant measure {i = 1,2) and the range of KQ{Ai) 
under the trace is dense in M. If 

{Ko{Ai),KoiAi),[lA,],Ki{Ai)) ^ (i^o(^2), i^o(^2)+, [Uj, i^il^a)), 

then 

Ai ^ A2. 

Proof. By [LP], the Ai are simple C*-algebras that have stable rank one 
and have weakly unperforated Ko{Ai). It follows from [Ph] that both Ai have 
real rank zero. Thus the corollary follows from 3.6 and 3.12. □ 

There is a class of exciting unital simple C*-algebras called (higher) ir- 
rational noncommutative tori. The irrational rotation C*-algebra Ag is gen- 
erated by two unitarics u and v with relation uv = e™^vu, where 9 is irra- 
tional, and is a very interesting unital simple C*-algebra. It was shown that 
it is a direct limit of circle algebras with real rank zero (see [EE]). There- 
fore TR(Ag) = 0. Also Ag can be realized as the crossed product C(T) Z 
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resulting from the minimal and unique ergodic dynamical system by a diffeo- 
morphism a : T — ^ T which maps z to ze*'^^, where Q is irrational. One class of 
k + 1-dimensional noncommutative tori called unital simple crossed products 
C(T^) Xg Z result from a minimal and unique ergodic dynamical system by a 
diffeomorphism a which maps (zi, . . . , Z]~) to (2:1 6*^^^, . . . , Zkc''^^''), 

where 9i are irrational. 

We have the following theorem: 

Theorem 3.14. Let A = C{T^) xg Z and B = C(T'=) x^, Z be two 
irrational noncommutative k + 1-tori. Then A = B if and only if [a] = [6] on 
Ki{C{T^)) (z = 0,l ). FuHhermore, A is an inductive limit of circle algebras. 

Proof. By [PV], Ki{A) = Ki{B) {i = 0,1). It follows from 3.13 that 
A = B. They are also isomorphic to a unital simple C*-algebra in C. Since 
Ki{A) are torsion free {i = 0, 1), they are isomorphic to an inductive limit of 
circle algebras. 

Remark 3.15. One should note that the condition that A^ are subho- 
mogeneous in 3.4 is not necessary. It suffices to have the following: any finitely 
generated subgroup G C pAn{Ko{A)) can be embedded into TJ^ for some in- 
teger > as an ordered subgroup. It remains open whether this condi- 
tion is automatically satisfied by residually finite-dimensional algebras, or any 
simple nuclear C*-algebras which can be written as inductive limits of RFD 
C*-algebras satisfying this condition. □ 
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